Niven [3] gave a simple proof that π is irrational. Koksma [2] modified Niven's proof to show that e r is irrational for every non-zero rational r. Dixon [1] made a similar modification to show that π is not algebraic of degree 2. In this note, we prove a general theorem which gives Niven's and Koksma's results as easy corollaries. A suitable modification in our proof also gives Dixon's result.
Proof. Without any loss of generality, we may suppose that the p i are integers. Suppose b is rational and set
where m is a natural number. It is easy to see that f 
we have by Lagrange's identity,
is an integer for x = 0 and b, w ≥ 0. Thus, if A denotes the products of the denominators of G (i) (0) and
If m is sufficiently large, the right hand side is < 1, giving a contradiction. Hence b is irrational.
Corollary 1.
(1) π 2 is irrational, (hence so also is π). (2) log r is irrational for every rational r > 0, r = 1. (3) e r , sin r, cos r, cosh r, sinh r are irrational for every non-zero rational r.
Proof. If π
2 is irrational, consider y + π 2 y = 0 which has a solution (1/π) sin πx. For b = 1, we get a contradiction. This proves (1) . (2) and (3) are proved similarly, using the equation y − y = 0 or y ± y = 0.
The following theorem is more arithmetical in nature.
Theorem 2. Let G be a non-trivial solution of y (n) +ty = 0 where t = (u/v, )(u, v) = 1, is a non-zero rational. Suppose G (i) (0) is rational for 0 ≤ i ≤ n − 1 and for some r = 0 with (r, n) = 1, we have G (r) (0) = 0. If β is a non-zero rational, then
where p is a prime soon to be specified. If we compute the t k in Theorem 1 for the equation y (n) + ty = 0, we find t k = 0 if k ≡ 0 (mod n) and in case k = sn, t sn = (−1) sn−s t s . If we set
were M = n(2p − 1), we have as in Theorem 1,
from which it follows at once that f
integer. This is a contradiction since
This proves the theorem.
Corollary 2. Let p be an odd prime and G a non-trivial solution of y (p) +ty = 0, t a non-zero rational. If G(0), . . . , G (p−1) (0) are rational and at least two of them are non-zero, then G(β), G (β), . . . , G (p−1) (β) are irrational for any non-zero rational β.
Remark 1. The case p = 2 has been covered by a corollary of Theorem 1.
Proof. As at least two of G(0), G (0), . . . , G (p−1) (0) are non-zero, there is an r such that G (r) (0) = 0 and (r, p) = 1. The conditions of the theorem are satisfied and so G (p−1) (β) is irrational. As G (i) (x) also satisfies the conditions of the theorem for 0 < i ≤ p − 1 the result follows.
